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Abstract – Young’s classic double-slit experiment demonstrates the reality of interference when
waves and particles travel simultaneously along two different spatial paths. Here, we propose a
double-slit experiment in momentum space, realized in the free-space elastic scattering of vortex
electrons. We show that this process proceeds along two paths in momentum space, which are
well localized and well separated from each other. For such vortex beams, the (plane-wave)
amplitudes along the two paths acquire adjustable phase shifts and produce interference fringes in
the final angular distribution. We argue that this experiment can be realized with the present day
technology. We show that it gives experimental access to the Coulomb phase, a quantity which
plays an important role in all charged particle scattering but which usual scattering experiments
are insensitive to.
Introduction. – Young’s seminal double-slit experi-
ment demonstrates the interference of – classical or quan-
tum – amplitudes if the wave propagate along (two) dif-
ferent spatial paths [1]. A wave emitted from some local
source passes through two narrow slits in a plate, located
at coordinates ra and rb, and interferes with itself on a
distant screen, cf. upper panel of Fig. 1. If the transition
amplitudes from the source to a given point on the screen
along the two paths are fa and fb, the intensity profile on
the screen is |fa+fb|2 = |fa|2+ |fb|2+2 Re(faf∗b ), and the
interference term produces a spatially periodic signal on
the screen. Such interference fringes have been observed
not only for photons but also for electrons, atoms [2], and
even large organic molecules [3]. Moreover, any modifica-
tion of the physical conditions along either path probed
by these particles gives rise to a shift in the interference
pattern, which is the basis of numerous interferometric
techniques [1].
A similar situation occurs frequently in collision experi-
ments when an initial state evolves into a final state via dif-
ferent intermediate states, such as different excited states
of an atom or different virtual particles in high-energy
collisions. Neutrino oscillations [4] is a hallmark exam-
ple of such dynamics. A neutrino, which is produced in a
Fig. 1: Schematic illustration of the Young’s experiment in
the coordinate space (upper pane) and of the proposed double-
slit experiment in momentum space (lower pane). In the latter
case, we stress that, in the collision of specially prepared wave-
packets, only two momentum combinations lead to a given final
state.
state of definite flavour, propagates to the detection point
as a superposition of three mass eigenstates. For a fixed
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neutrino energy, they correspond to different momenta,
and their interference causes spatially oscillating probabil-
ity for changing flavour between production and detection
point. Although one sometimes refers to these oscillations
as the momentum-space analog of the two-slit experiment
[5], it is important to keep in mind that one observes here
interference between amplitudes with the same initial and
final state kinematics but with different state-space evolu-
tion. Similar remarks apply to the interference inside atom
interferometers [6]. A freely falling atom or an atomic
cloud is brought into a superposition of excited states,
which owing to their energy difference move with different
momenta and when recombining produce an interference
pattern.
In condensed matter, one encounters examples of in-
terference between different momentum-space configura-
tions of the same (quasi)particle along the same spatial
path. Due to complicated dispersion law, a definite-energy
electron propagating in medium can have two different
(quasi)momenta. These two momentum-paths interfere,
leading to a spatially varying electron density profile, for
example, in the form of spatially modulated tunneling con-
ductance in certain superconductors [7]. In this case, it
is the medium that plays the instrumental role as it can
absorb the extra momentum without destroying the co-
herence.
In this Letter, we propose a particularly simple
momentum-space analog of the Young’s double-slit set-up,
which exhibits interference between two amplitudes with
identical state-space evolution but with different combina-
tions of momenta. This effect arises in two-particle elastic
scattering in free space, without any medium to support
the evolution, and uses elementary particles, so that no ex-
citation of internal degrees of freedom is needed. Such an
experiment must involve a scattering process which brings
an initial state to the final state along two distinct, well-
separated paths in the momentum space, as illustrated in
the lower panel of Fig. 1. Each path resembles a plane-
wave scattering with its own momentum transfer, but the
final-state kinematics for all particles involved must be
identical in order for interference to take place.
We will show that this peculiar set-up is naturally re-
alized in elastic scattering of electron vortex beams (or
twisted electrons), the electron states with helical wave
fronts, which carry non-zero orbital angular momentum
projection on the average propagation direction. Follow-
ing the suggestion of [8], such electron states were realized
experimentally a few years ago [9], for a recent review
see [10]. Since the interference occurs in free space, it is
free from medium effects and can reveal novel features of
the fundamental scattering process. In particular, we will
show that it provides direct access the Coulomb phase, a
quantity that affects all charged-particle scattering pro-
cesses and has been a subject of debates but which has
never been measured experimentally.
The idea. – Consider elastic scattering of two elec-
trons, each represented by a monochromatic wave-packet
ψi(~r) =
∫
d3ki ai(~ki) exp(i~ki~r) , (1)
with the Fourier amplitude ai(~ki) being a compact func-
tion centered at an average momentum 〈~ki〉. Scattering
of two such electrons into a final plane-wave state with
momenta k′1 and k
′
2 is well approximated by the plane-
wave scattering amplitude M(〈k1〉, 〈k2〉; k′1, k′2), the cross
sections being proportional to its square, dσ ∝ |M|2. In
momentum space, this process is analogous to a single-slit
experiment.
To propose a double-slit experiment in momentum
space, we select an axis z and assume that each initial
electron is a monochromatic superposition of plane waves
with equal longitudinal momentum pz, equal modulus of
the transverse momentum κ, but with different azimuthal
angles:
ai(~ki) ∝ δ(kiz − piz)δ(|ki| − κi)ei`iφi , i = 1, 2 . (2)
Here and below, transverse vectors are denoted with bold
letters. Such states are known as Bessel vortex states,
or twisted electrons, [8, 10]. The parameter ` can be ad-
justed experimentally and plays the role of approximately
conserved orbital angular momentum with respect to the
average propagation direction. Twisted electrons with en-
ergies up to 300 keV are now routinely created and are
used to gain novel insights into the electron dynamics in
external fields, such as an interplay of Larmor and Gouy
rotation in longitudinal magnetic field suggested in [11]
and studied experimentally in [12,13] or the acquisition of
phase vortex in the field of an artificial magnetic monopole
[14]. More details on technical aspects of generation and
manipulation of the vortex electron beams can be found
in [15].
If the two twisted electrons are brought in collision, they
can scatter elastically into a final state with momenta k′1
and k′2. Because of momentum conservation, only two
plane-wave components with initial momenta k1a, k2a and
k1b, k2b lead to this final state. The total scattering ampli-
tude is then written as a coherent sum of two plane-wave
amplitudes:
f ∝ caMa+cbMb , Ma,b =M(k1a,b, k2a,b; k′1, k′2) . (3)
These two kinematical configurations correspond to dif-
ferent momentum transfers q = k1 − k′1: qa 6= qb. The
coefficients ca and cb in (3) depend both on the initial
wave packets and on the final momenta. In particular, by
scanning over the allowed region of k′1 and k
′
2, one can
change the relative phase between ca and cb and observe
a periodically varying intensity pattern in the momentum
space. The exact position of this pattern in the final-state
momentum space is sensitive to the phase difference be-
tween Ma and Mb. This is analogous to the intensity
stripes seen on a distant screen in the usual double-slit
experiment.
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Elastic scattering of Bessel vortex electrons.
– We describe the elastic scattering of two Bessel
vortex electrons within the fully relativistic quantum-
electrodynamical framework. Details of this calculations
are reported in [16]; here, we briefly outline the procedure.
Each initial electron is taken as the exact monochromatic
solution of the Dirac equation with definite energy Ei, lon-
gitudinal momentum kiz, helicity λi, and the half-integer
total angular momentum mi. In this work, we use the
expressions from [17]; alternative forms of these solutions
also exist [18, 19]. We assume that the two colliding vor-
tex electrons are aligned, that is, they are defined with
respect to the same z axis. We then select the reference
frame in which the longitudinal momenta are balanced:
k2z = −k1z, but where the other parameters can still be
different from each other: m1 6= m2, κ1 6= κ2, and there-
fore E1 6= E2.
The two final electrons are plane waves with four-
momenta k′1 and k
′
2. Their longitudinal momenta are
also balanced, k′2z = −k′1z, and their energies satisfy
E′1 + E
′
2 = E1 + E2. The final transverse momenta, how-
ever, are not required to sum up to zero or to any fixed
vector, because the initial electrons do not carry definite
transverse momenta. The only kinematical restriction is
that the total final transverse momentum K lies within a
ring that is defined by κ1 and κ2 [20]:
|κ1 − κ2| ≤ |K| ≤ κ1 + κ2 , K = k′1 + k′2 . (4)
For such a scattering of two Bessel beams, the final
phase space grows from the single-particle angular dis-
tribution dΩ or the transverse momentum d2k′1 to the
four-dimensional transverse momentum space d2k′1d
2k′2 =
d2k′1d
2K. As a consequence, further information can be
extracted from the structures in the final kinematical dis-
tributions.
Next, we express the twisted electron scattering matrix
element Stw as the integral of the plane-wave matrix ele-
ment SPW over the initial electron wave function:
Stw ∝
∫
d3k1d
3k2 aκ1m1(~k1)aκ2m2(~k2)SPW . (5)
Here
SPW ∝ δ(4)(k1 + k2 − k′1 − k′2) · M(k1, k2; k′1, k′2) (6)
and the invariant amplitudeM is calculated according to
the standard Feynman rules [21]. For vortex beams, in
practice, the calculations of the scattering cross section
require special care since the regularization and normal-
ization prescriptions, as well as the definition of the flux
differ from the plane-wave case [19,20,22,23]. In our calcu-
lations, all these technical aspects are taken into account,
but we omit them here for brevity; they are fully pre-
sented in [16]. The integral (5) contains equal number
of integrations and delta functions, and it can be worked
out exactly. For each K, it receives contributions from
exactly two choices of the initial transverse momenta k1,2
with moduli κ1,2 and the azimuthal angles φ1a = φK +δ1,
φ2a = φK − δ2 and φ1b = φK − δ1, φ2b = φK + δ2, where
δ1,2 = arccos
(
κ21,2 +K2 − κ22,1
2κ1,2|K|
)
(7)
are the internal angles of the triangle with sides κ1,
κ2, |K|. The area of this triangle is denoted by ∆ =
|K|κ1 sin δ1/2. These two configurations are shown in
Fig. 2.
K
k1a
k2a
x
δ1
δ2
φK
K
k1b
k 2b
x
δ1
δ2 φK
Fig. 2: The two kinematical configurations in the transverse
plane that satisfy momentum conservation laws in the two
Bessel state scattering.
Squaring the matrix element, regularizing it, and divid-
ing by the flux, we obtain the following expression for the
twisted electron cross section:
dσtw ∝ |J |2d2k′1d2k′2 = |J |2d2k′1d2K , (8)
where
J =
∫
d2k1d
2k2δ
(2)(k1 + k2 −K)
× δ(|k1| − κ1)δ(|k2| − κ2)
× eim1φ1−im2φ2M(k1, k2; k′1, k′2) (9)
= ei(m1−m2)φK
κ1κ2
2∆
×
×
[
Ma ei(m1δ1+m2δ2) +Mb e−i(m1δ1+m2δ2)
]
.(10)
Here, Ma and Mb are the two plane-wave scattering am-
plitudes as in Eq. (3), which are calculated for the two
distinct initial momentum configurations shown in Fig. 2.
They correspond to the same relativistic s-invariant but
two distinct t-invariants ta,b = (k1a,b−k′1)2 = (k2a,b−k′2)2,
whose difference is
ta − tb = 2k′1(k1a − k1b) = 4|k′1|κ1 sin δ1 sin(φ′1 − φK) .
(11)
Interference fringes. – To get qualitative under-
standing, consider (8) in the ultrarelativistic small scat-
tering angle approximation: |ki|, |k′i|  kz. Unlike the
plane-wave scattering, where the total transverse momen-
tum fulfills the condition K = k′1 + k
′
2 = 0, we have here
an extra dimension to look at: the K-distribution at fixed
k′1. This distribution fills the ring defined by (4) and dis-
play interference fringes. For high electron energies and
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small scattering angles, the helicity amplitude can be ap-
proximated by
M = 8piαem s
t
e−iλ1(φ1−φ
′
1)eiλ2(φ2−φ
′
2)δλ1λ′1δλ2λ′2 . (12)
Substituting it into (10), we obtain, for the unpolarized
case,
1
4
∑
λi
|J |2 = 64pi2α2ems2
κ21κ22
4∆2
(13)
×
[
1
t2a
+
1
t2b
+
2
tatb
cos(2m1δ1 + 2m2δ2) cos δ1 cos δ2
]
.
By detecting electrons with different k′2 at fixed |k′1|, we
can scan the ring (4). As seen from (7), the angles δi
change, and the last term in (13) oscillates, producing
concentric ring structure. These are the characteristic in-
terference fringes of Young’s double-slit experiment but
now in the momentum space.
Notice that as we move from the outer to the inner
boundary of the ring during this scan, the two kinematical
configurations shown in Fig. 2 first separate apart in mo-
mentum space and then move towards each other to finally
merge at the boundary. In that aspect, the momentum-
space two-slit experiment differs from the usual set up with
two fixed slits in a plate.
Before verifying the above analysis with numerical re-
sults, we mention that pure Bessel beams are not nor-
malizable and, formally, lead to divergent expressions.
However, realistic vortex beams produced in experiment
are free from these difficulties. To model them, we
follow [23, 24] and replace the singular Fourier com-
ponents a(~k) as in (2) with their Gaussian-distributed
Fourier components a˜(~k) =
∫
dκf(κ)aκ(~k), where f(κ) ∝
exp
[−(κ − κ¯)2/2σ2]. This leads to the corresponding av-
eraging over a region of k1z and k2z, so that we get a
narrow distribution over final Kz peaked at Kz = 0, over
which we further integrate the cross section.
The upper pane of Fig. 3 shows the numerically obtained
cross sections with the following parameters: E1 = 2.1
MeV, κ¯1 = 200 keV, κ¯2 = 100 keV, σi = κ¯i/20, |k′1| = 500
keV, m1 = 1/2, m2 = 13/2. In this plot, k
′
1 is directed
to the right. One sees the interference fringes as well as
the strong left-right asymmetry, originating from the t-
dependence of (13). The plot is symmetric with regard to
the horizontal line because the cross section contains no
term proportional to sin(φ′1 − φK).
The visibility of interference fringes depends on the pa-
rameters of twisted electrons. The relative width of the
ring is determined by the ratio κ1/κ2, while the number
of fringes is sensitive to both κ’s and m’s. The parameter
σ of the Gaussian function, whose inverse is essentially the
transverse coherence length, works against narrow fringes,
smearing the interference pattern with too many fringes.
Our numerical study shows that in order to produce a
strong fringe contrast such as shown in Fig. 3 with a rea-
sonably small σ, one needs to choose comparable κ1,κ2
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Fig. 3: Differential cross section, in arbitrary units, as a func-
tion of K for fixed k′1 for a choice of parameters (see text). The
upper plot is calculated from the purely real Born-level am-
plitude, while the lower plot takes into account the Coulomb
phase (14), with αem artificially set to 10 to enhance the visi-
bility of the up-down asymmetry.
and the values of mi should be of several units [16]. We
do not expect that large mi, which are feasible experimen-
tally, will improve the contrast.
Accessing the Coulomb phase. – The two-slit in-
terferometry in momentum space as proposed here pro-
vides direct access to a quantity which cannot be mea-
sured in the usual plane-wave scattering: the phase of the
(complex) scattering amplitude, or more accurately, its de-
pendence on the momentum transfer squared t. For elastic
scattering of charged particles, this phase is known as the
Coulomb phase. If we write the amplitude asM = |M|eiζ ,
one obtains for ultrarelativistic same-sign charged parti-
cles
ζ = ζ0 + αem ln(1/|t|) , (14)
p-4
Double-slit experiment in momentum space
where ζ0 is the unobservable overall phase which depends
on the infrared regularization.
The overall phase of any scattering process cannot be
measured experimentally because it drops out of the plane-
wave cross section: dσ ∝ |M|2. If the scattering is entirely
due to electromagnetic interactions, this phase is equal to
the Coulomb phase and is unobservable. However, the
Coulomb phase does affect the elastic scattering of charged
hadrons. Its amplitude receives contributions from the
strong and electromagnetic interactions,M =Ms+Mem,
each coming with its own phase. Knowing the Coulomb
phase as accurately as possible is needed to probe the
large unknown strong phase via the interference between
the strong and electromagnetic amplitudes. The prob-
lem is complicated by the fact that the two contributions
become interrelated at higher orders of the perturbation
series. The strong amplitude receives multi-photon ex-
change corrections, and the electromagnetic amplitude in-
volves intermediate excited hadronic states. These issues
sparked debates back in 1960’s [25–30], and are still dis-
cussed today, in the context of elastic pp/pp¯ and deep-
inelastic scattering [31–35].
The two-slit interferometry in momentum space may
lead to the first ever measurement of the t-dependence
of the Coulomb phase. This occurs since the interference
term in (3) is sensitive to the phase difference,
dσint ∝ 2|Ma||Mb|Re
[
cac
∗
be
i(ζa−ζb)
]
, (15)
where ζa − ζb ≈ αem ln(tb/ta). The extra phase difference
between Ma and Mb distorts the interference pattern.
The cross section acquires a new term proportional to
ta− tb ∝ sin(φ′1−φK) and leads to the up-down asymmet-
ric K-distribution, which is entirely due to the t-dependent
Coulomb phase. The lower pane of Fig. 3 shows this asym-
metry for the same parameter set as before. Note that
here, for the sake of illustration, the effect is greatly ex-
aggerated by setting αem = 10. For physical αem, the
effect is propostionally smaller, but it can be extracted
from the experimentally measured cross section via asym-
metry A⊥ =
∫
dσtw sin(φ
′
1 − φK)/
∫
dσtw. Our numerical
calculations give A⊥ = O(10−4 ÷ 10−3), whose smallness
is mostly driven by the small αem. The exact value of A⊥
strongly depends on the details of the initial state; by ad-
justing them, one can further optimize the sentisivity of
this measurement to the Coulomb phase.
Which-way experiment in the momentum space.
– The “which way experiment” is a variation of the clas-
sical double-slit experiment, in which a device is placed
next to one slit in order to detect whether the particle
actually passes through it. Using such a device lets in-
terference disappear or, for non-ideal detection, degrade,
displaying the laboratory proof of the reality of quantum-
mechanical complementarity [36]. The proposed two-slit
experiment in momentum space can also be modified in
order to establish a corresponding which-way experiment.
The idea is to consider inelastic scattering, ee → eeγ,
in which a sufficiently energetic bremsstrahlung photon
is detected in coincidence with the scattered electrons.
Since the two interfering plane-wave configurations have
different initial momenta, say k1a and k1b, detection of
the bremsstrahlung photon close to the direction of k1a
gives preference to this “slit” in the momentum space.
Selecting different photons, one can change the efficiency
of the “which-way detection”, and the interference fringe
contrast must vary accordingly.
Discussion and conclusions. – The proposed ex-
periment can be realized with present day beams and de-
tectors. Vortex electrons with energies up to 300 keV and
focused to angstrom-size focal spots are now routinely pro-
duced and manipulated in electron microscopes [15]. Scat-
tering of two vortex electron beams has not yet been stud-
ied experimentally, but it can be readily done once the in-
strumentation is modified for this purpose. Building such
a device with two independently operational electron mi-
croscopes producing counterpropagating vortex electron
beams, in which each microscope is protected against the
opposite beam and offers enough space to install the scat-
tered electron detectors, represents the main technical
challenge on the way to experimental realization of this
experiment. Although our calculations were done for the
ideal situation of perfect alignment of the two counter-
propagating beams, numerical estimates show that the in-
terference picture remains even under slight misalignment
provided the shift between the two axes is kept within the
focal spot radius and the tilt is less than the cone opening
angle κ/|kz| [16]. The present state-of-the-art manipula-
tion with vortex electron beams offers the required level of
control, so that stable alignment of the two beams within
a common angstrom-scale focal spot seems feasible. With
the kinematical parameters used for illustration, we es-
timate the scattering probability for each ee crossing of
about P ∼ σtw/Sfocal ∼ 10−6. With the beam currents
of 1 nA, one can set up billions of ee collision attempts
per second resulting in hundreds of detectable scattering
events per second. A few hours of observation time will
produce a million-event statistics.
In order to construct plots such as Fig. 3, the detec-
tors must detect scattered electron pairs in coincidence
and with sufficient angular resolution, while the electron
energy need not to be measured explicitly. From these co-
incidence measurements, one then slices the full sample of
detected k′1 and k
′
2 pairs into subsamples with given |k′1|,
reconstructs K, and plots the events in the K-space with
respect to the orientation of k′1. A million-event statistics
should be enough to detect the interference fringes inside
the annular K-region. In order to detect a non-zero asym-
metry A⊥ and probe the Coulomb phase, these structures
need to be measured with even higher accuracy, which
seems challenging at present.
To conclude, we proposed the momentum-space ana-
logue of the classical Young’s double-slit experiment,
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which occurs in free-space collision of specially prepared
states. When two Bessel vortex electrons scatter elasti-
cally, the process is dominated by two plane-wave scat-
tering configurations with different momentum transfers.
Just like two slits in the usual Young’s interference exper-
iment, these two configurations corresponds to two paths
which are well localized and well separated in the mo-
mentum space. The two paths acquire adjustable phase
difference, their amplitudes sum up coherently and lead to
interference fringes in the final state angular distribution.
We showed, in particular, that this interference allows for
the first ever experimental investigation of the Coulomb
phase. We also proposed the which-way modification of
this experiment, with a bremsstrahlung photon playing
the role of a detecting device with imperfect efficiency. We
argued that the proposed momentum-space double-slit ex-
periment can be realized with the present day technology.
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